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We have introduced an integrable one-dimensional theory that underlies some integrable models
such as the KP-hierarchy and the amplituhedron. In this regard, we have shown that some geo-
metrical concepts in four-dimensional spacetime can be resulted from the topological properties
of the introduced one-dimensional manifold. Also, we have represented that 2n-point correlation
function of the theory is a solution of the KP-hierarchy. Moreover, we have indicated that there
is an interesting connection between solitons, in a one-dimensional quantum field theory, with the
amplituhedron that is closely related to Yang-Mills scattering amplitudes in four dimensions. Actu-
ally, without any use of supersymmetry, we have obtained a sort of general structure in comparison
with the conventional amplituhedron. The proposed theory is capable to express both the tree- and
loop-levels amplituhedron (without employing hidden particles) and scattering amplitude in four
dimensions in the twistor space as particular cases.
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Introduction—One of the key points to understand
particle physics is the scattering amplitudes. On the
other hand, the standard method of calculating these
scattering amplitudes is to apply the Feynman diagrams,
which have many complications [1–3]. These complic-
ations have always been a motivation for physicists to
simplify their calculations. A specific example of such
efforts is the Park-Taylor formula, which describes the
interaction between gluons [4, 5].
As another example, in Ref. [6], it has been shown
that one can, with correct factorization, give a recurs-
ive expression in terms of amplitudes with less external
particles, in which a scattering amplitude is broken down
into simpler amplitudes. Also recently, in Ref. [7], by
employing the recursive expression used in Ref. [6] and
the twistor theory, a geometric structure has been pro-
posed that is coined amplituhedron. This structure en-
ables simplification of the computation of scattering amp-
litudes in some quantum field theories such as super-
Yang-Mills theory. The amplituhedron challenges space-
time locality and unitarity as chief ingredients of the
standard field theory and the Feynman diagrams. Hence,
due to spacetime challenges at the scale of quantum grav-
ity [8] and since locality will have to be remedied if grav-
ity and quantum mechanics ought to coexist, the amp-
lituhedron is of much interest. However, the presented
amplituhedron requires supersymmetry and introduces
the scattering amplitude of massless particles, neverthe-
less no trace of supersymmetry has been seen up to now,
and also each material particle has mass. On the other
hand, it has not been specified/discussed why the number
of dimensions should be exactly four in the amplituhed-
ron and, in general, the scattering amplitude issues.
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In this work, we show that interesting integrable mod-
els can have a common foundation and being raised from
a single root. For this purpose, we envisage a theory in
one dimension that underlies some integrable models in
various dimensions. The important kinds of integrable
models that we are considering here are the Kadomtsev-
Petviashvili (KP) hierarchy [9], two-dimensional mod-
els [10–12], the amplituhedron [7]. In the proposed the-
ory, as there is only one dimension, there is only one
point that evolves in itself, hence we call this theory a
point theory (PT). In the following, we first define the
corresponding action, and then its equation of state and
path integral. Also, we introduce a specific symmetry of
the PT. Afterward, we define a hierarchy transformation
by which, we represent some integrable models based on
the PT. Thus, we show field correlators of the PT as the
solutions of the KP-hierarchy.
Accordingly, by considering these issues, we have en-
deavored to move towards a more realistic (say, real)
amplituhedron without employing supersymmetry and
hidden particles. For this purpose, we indicate the tree
and loop levels of the amplituhedron as the special cases
of volume of subspace of the hierarchy phase-space. Fi-
nally, we discuss the relationship between mass, coupling,
and gauge symmetry of particles in four dimensions with
the change of vacuum in the PT.
Foundation of Point Theory—It is convenient to
work in the natural units with an action on a real 1-
dimensional compact Hausdorff manifold, say C as a va-
cuum, namely
S =
1
κ
˛
C
dS(z) ≡ − 1
κ
˛
C
ψ(z)ϕ(z)dz, (1)
where ψ(z) and ϕ(z) are two fermionic fields1 over the
1 Actually, these two fields are not independent, as it will be shown
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2manifold, κ is a constant and z is the parameter of the
manifold C.
Each real 1-dimensional compact Hausdorff manifold
(e.g., knots and links), generally, has its own global topo-
logical properties. For instance, one of these features has
been expressed in the Fary-Milnor theorem [13], which
(using a specified local scalar curvature at any point
on the curve) explains whether or not a 1-dimensional
manifold is a knot. However, global topological prop-
erties of compact manifolds cannot be determined by
local coordinates. For this reason, non-local or higher-
dimensional coordinates, e.g. complex numbers, can be
used instead of real local coordinates to express the global
properties.
Therefore, if the corresponding manifold is a circle, as
real projective line, then its corresponding parameter will
at least be a unit complex number. In the case that the
manifold C is an unknot and unlinked disconnected com-
pact manifold (e.g., several circles), then the parameter z
can at least be a complex number. Also, it is known that
a knot is an embedding of a circle into 3-dimensional Euc-
lidean space R3 [14] and R3 is a subspace of 1-dimensional
biquaternion2 space. Now, if the manifold C is a knot-
ted and/or a linked one, then its parameter z will be
a member of a subspace (say, M, which corresponds to
Minkowski space wherein R3 ⊂M) of biquaternion space
having3 Q∗ = Q?, with an additional constraint on the
M. An additional constraint is required because the sub-
space M corresponds to 4-dimensional Minkowski space
that has one dimension more than R3.
Before we determine such a constraint, let us first write
each number of the subspace M (say, Q) in the unitary
matrix representation in terms of the Euler parameters,
namely
Q =
(
a0 + ia3 ia1 + a2
ia1 − a2 a0 − ia3
)
. (2)
In this way, due to the twistor theory [15], each point
(number) in the subspace M determines a line in the
null projective twistor space, in which each twistor, say
$, has coordinates $ ≡ ((ζ1, ζ2), (ζ3, ζ4)) ≡ (λ, µ). Also,
one can specify a point in the null projective twistor space
by two points or a null line in the M.
Second, we specify n different values of the parameter
z, as different numbers (points) zi ∈M for i = 1, · · · , n,
and when n goes to infinity, it fixes the manifold C.4
through the variation process.
2 A biquaternion number Q is a kind of number that is defined
as Q :=
{
a0 +
∑3
i=1 aiei | {ei, ej} = −2 δij ; a0, ai ∈ C
}
, where
ei’s are quaternion basis.
3 Q? is defined as Q? ≡ a0 −
∑3
i=1 aiei and Q
∗ is the complex
conjugate of Q as Q∗ = a∗0 +
∑3
i=1 a
∗
i ei.
4 As a one-dimensional compact Hausdorff manifold is not neces-
sarily smooth, if the one-dimensional manifold C (as a vacuum)
is smooth, it means that there will be no external fields ψ(z) and
ϕ(z) on it. However, if the manifold is not smooth, then there
will be external fields ψ(z) and ϕ(z) on it.
Now, we choose the constraint such a way that the 1-
dimensional manifold C holds the same topological prop-
erties in the null projective twistor space (see, e.g., the
Figure 1), namely{
λizi = µi
λizi+1 = µi
and
{
λizi = µi
λi+1zi = µi+1,
(3)
which gives
||(zi − zi+1)||2 ≡ (zi − zi+1)(zi − zi+1)? = 0. (4)
Figure 1. The correspondence between a 1-dimensional man-
ifold in M and the null projective twistor space.
On the other hand, if the vacuum C changes due to the
quantization process (e.g., the Figure 2), i.e. C → C′, as
each ψ(z) and ϕ(z) must be identified on both vacuums,
then the parameter z will be a biquaternion number with
its corresponding constraint. We will investigate the case
of the change of vacuum in another research.
Figure 2. An example of a vacuum change as a result of
quantization.
The variation of action (1) gives two trivial solutions
δ∂zS(z)
δϕ(z)
= 0 =
δ∂zS(z)
δψ(z)
=⇒ ψ(z) = 0 = ϕ(z), (5)
as the Euler-Lagrange equations. However, there is also a
non-trivial solution that, without loss of generality about
the constant of integration, can set to be
δ∂zS(z) = 0 =⇒ ψ(z)ϕ(z) = 1. (6)
This solution is the continuity equation in one dimen-
sion wherein ψ(z)ϕ(z) is the conserved current within it.
Considering the non-trivial case, we choose an arbitrary
solution
ψ(z) ≡ eS(z) (6)=⇒ ϕ(z) = e−S(z), (7)
3which, after quantization, it will be clear that is a good
choice. Also, as there is no derivative of the field in the
Lagrangian, the field momentum is zero. Thus, the en-
ergy density is
h(z) = ψ(z)ϕ(z), (8)
which, due to Eq. (6), is a constant.5
At this stage, for later on uses, let us expand ψ(z) and
ϕ(z) as6
ψ(z) =
∑
p∈Z+1/2
ψpz
−(p+1/2),
ϕ(z) =
∑
p∈Z+1/2
ϕpz
−(p+1/2), (9)
where ψp and ϕp are coefficients of the expansion. Also,
similar to complex numbers, we can extend the Cauchy
integral theorem to any biquaternion number z ∈M. In
this regard, for each real number l 6= 1, we have
˛
C
z−ldz = −(l − 1)−1
˛
C
d(z−l+1) = 0. (10)
When l = 1, it is known that one can write the point z
with a local arbitrary parameter t as
z(t) = ||z(t)|| [cos(t) + sin(t)nˆ(t)] = ||z(t)||et nˆ(t), (11)
where nˆ =
∑3
i=1 aiei and
∑3
i=1 a
2
i = 1. In this case, we
get
˛
C
z−1dz =
ˆ tf
ti
d(ln ||z(t)||) +
ˆ tf
ti
d(t nˆ(t)). (12)
In the closed curve C, z(ti) = z(tf ), and without loss of
generality, as one can choose nˆ(ti) = nˆ(tf ) = e1, hence
tf = ti + 2pimC , where mC ∈ N. Thus, we have
˛
C
z−1dz =
ˆ tf
ti
d(t nˆ(t)) = 2pimC e1. (13)
Accordingly, the corresponding path integral of the PT
can be written as
Z =
ˆ
DψDϕ e
∑
p
ψpϕp
, (14)
where we have set the constant κ in action (1) equal
to 2pimC e1, Dψ =
∏
p∈Z+1/2
dψp and Dϕ =
∏
p∈Z+1/2
dϕp.
5 As the fields ψ and ϕ have no momentum, and hence no dynam-
ics, the one dimensional manifold of the PT is classically without
length.
6 In the continuation of this part and a few later parts, we employ
the same formulation mentioned in Refs. [9, 16]. However, lack
of the standard structure of a field theory (such as Lagrangian
and field equations) is the main difference. Besides, Refs. [9, 16]
have been formulated only in real one dimension.
Then, using the path integral (14) and the Berezin in-
tegral [17], we can calculate the many-point correlation
function. Alternatively, to calculate the many-point cor-
relation function, we can use the canonical quantization
of ψp and ϕp. In this way, we have the Clifford algebra
with fermionic operators ψˆp and ϕˆp that satisfy the anti-
commutators
{ψˆp, ψˆq} = 0, {ϕˆp, ϕˆq} = 0 and {ψˆp, ϕˆq} = δp,−q,
(15)
where p and q ∈ Z+1/2. To give a representation of this
algebra, we define the vacuum state as
ψˆp|0C >= 0 (p > 0), ϕˆp|0C >= 0 (p > 0),
< 0C |ψˆp = 0 (p < 0), < 0C |ϕˆp = 0 (p < 0). (16)
Using quantum forms of expansions (9), the quantum
form of the Lagrangian is
∂zSˆ(z) = −
∑
l∈Z
Sˆlz
−(l+1), (17)
where
Sˆl =
∑
p∈Z+1/2
: ψˆpϕˆl−p :, (18)
and it is compatible [16] with the quantum forms of solu-
tions (7), namely
ψˆ(z) =: eSˆ(z) : and ϕˆ(z) =: e−Sˆ(z) : . (19)
In the above relations, : aˆbˆ : is normal ordered of aˆbˆ.
Symmetry of Point Theory—According to solu-
tions (19), the field ψˆ(z) is equal to its partition func-
tion. Thus, due to the quantization process, it means
that the theory will not change after quantization. This
symmetry is a special feature of the PT that results the
uniformity of physics in large and small scales.7
Hierarchy Transformation—To investigate the in-
tegrability and solitonic properties of the PT, we exam-
ine any relation between the PT and the KP-hierarchy.
The KP-hierarchy is based on mathematical foundation
in terms of a Grassmannian variety [9, 16, 19]. It is sup-
plemented with a number of classical and non-classical
reductions that contain many integrable equations and
solitonic models [9]. Indeed, the KP-hierarchy is a hier-
archy of nonlinear partial differential equations in a func-
tion, say τ(x), of infinite number of variables xl for
l = 1, · · · ,∞ as hierarchy coordinates. As the KP-
hierarchy is an integrable system, the plausible (physical)
meaning of the hierarchy coordinates can be related to
the infinite numbers of possible conserved quantities that
7 Also, in Ref [18], we have shown that, on macro scales, elastic
waves can have the QED treatment.
4any KP-hierarchy soliton solution can contain [20, 21].
Such a τ(x) is a function that should satisfy the bilinear
identity [9]
˛
eξ(k,x−x
′)τ(x− (k))τ(x′ + (k))dk ≡ 0, (20)
where ξ(k, x) ≡ ∑∞l=1 xlkl, k ∈ M is an arbitrary point
in the manifold C, (k) ≡ (1/k, 1/(2k2), 1/(3k3), · · · ),
and arbitrary variables x ≡ (x1, x2, x3, · · · ) and x′ ≡
(x′1, x
′
2, x
′
3, · · · ) with xl, x′l ∈M.
Now, to show the relation between the PT and the
KP-hierarchy, we employ a transformation, which we will
refer to it as a hierarchy transformation (HT), in the
form
HT:
{
ψˆ(z)→ eH(x)ψˆ(z)e−H(x)
ϕˆ(z)→ eH(x)ϕˆ(z)e−H(x), (21)
where H(x) ≡ ¸ ξ(z′, x)dS(z′)/(2pimC e1). After some
calculations [16], transformation (21) reads{
ψˆ(z)→ eξ(z,x)ψˆ(z) ≡ ψˆ(z, x)
ϕˆ(z)→ e−ξ(z,x)ϕˆ(z) ≡ ϕˆ(z, x). (22)
KP-Hierarchy and Poles of Correlator—In this
part, we propose to show that field correlators of the PT
are as the solutions of the KP-hierarchy. In this regard,
we define a tau function as the k poles elimination of n
poles of the below 2n-point correlation function of the
HT of the fermionic fields, namely
τn,k(x) ≡
¸
dz′1 · · ·
¸
dz′k < 0C |ψˆ(z1, x) · · · ψˆ(zn, x)×
ϕˆ(z′1, w1 + x) · · · ϕˆ(z′n, wn + x)|0C >, (23)
where k < n, za and z
′
a are points
8 on the manifold C, and
also x and wa’s (i.e., wa = (wa1, wa2, wa3, · · · )) are the
hierarchy coordinates. Due to the anti-commutativity of
fermionic fields, the correlation function (23) behaves as
an n-form in n dimensions with regard to the exchange
among the za variables. After getting integrals and per-
forming some manipulations similar to Refs. [16, 19, 22],
correlator (23) reads
τn,k(x) = f1 ∧ · · · ∧ fn, (24)
where fa ≡
(
eξ(z1,wa), · · · , eξ(zn,wa)) for a = 1, · · · , k
and fa ≡
(
eξ(z1,x)−ξ(z
′
a,x)
z1−z′a , · · · ,
eξ(zn,x)−ξ(z
′
a,x)
zn−z′a
)
for a =
k + 1, · · · , n, i.e., there are n different fa, each with n
components.
To show that solution (24) is a tau function of the
KP-hierarchy, we, generally, indicate that correlator (23)
8 Lower case Latin and Greek indices are assumed to run from 1
to n and 1 to k, respectively.
indeed satisfies identity (20). In this respect, using (21),
(22) and correlator (23), and employing relations [16]
eH(x)|0C >= |0C > (25)
and {
< 1C |ψˆ(k) =< 0C |e−H((k))
<−1C |ϕˆ(k) =< 0C |eH((k)), (26)
where <−1C | ≡< 0C |ψˆ 1
2
and < 1C | ≡< 0C |ϕˆ 1
2
, we obtain
τn,k(x− (k)) =¸
dz′1 · · ·
¸
dz′k < 0C |eH(x−(k))ψˆ(z1) · · · ψˆ(zn)×
ϕˆ(z′1, w1) · · · ϕˆ(z′n, wn)|0C >=¸
dz′1 · · ·
¸
dz′k < 1C |ψˆ(k)eH(x)ψˆ(z1) · · · ψˆ(zn)×
ϕˆ(z′1, w1) · · · ϕˆ(z′n, wn)|0C >, (27)
τn,k(x+ (k)) =¸
dz′1 · · ·
¸
dz′k < 0C |eH(x+(k))ψˆ(z1) · · · ψˆ(zn)×
ϕˆ(z′1, w1) · · · ϕˆ(z′n, wn)|0C >=¸
dz′1 · · ·
¸
dz′k < −1C |ϕˆ(k)eH(x)ψˆ(z1) · · · ψˆ(zn)×
ϕˆ(z′1, w1) · · · ϕˆ(z′n, wn)|0C > . (28)
In above, we have also benefited from H(x ± (k)) =
H(x) ± H((k)) via definition H(x) and relations (10),
(13) and (17). Then, substituting relations (27) and (28)
into integral (20), while also using (21), (22) and (25),
integral (20) reads
¸
dk
[¸
dz′1 · · ·
¸
dz′k < 1C |ψˆ(k, x)ψˆ(z1, x) · · · ψˆ(zn, x)×
ϕˆ(z′1, w1 + x) · · · ϕˆ(z′n, wn + x)|0C >]×[¸
dz′′1 · · ·
¸
dz′′k < −1C |ϕˆ(k, x′)ψˆ(z1, x′) · · · ψˆ(zn, x′)×
ϕˆ(z′′1 , w1 + x
′) · · · ϕˆ(z′′k , wk + x′)×
ϕˆ(z′k+1, wk+1 + x
′) · · · ϕˆ(z′n, wn + x′)|0C >
]
. (29)
At this stage, by performing the integral, while employ-
ing relation < 0C |ψˆ(z1)ϕˆ(z′1)|0C >= 1/(z1− z′1) (resulted
from (9) and (16)), and the Wick theorem [16]
< 0C |ψˆ(z1) · · · ψˆ(zn)ϕˆ(z′1) · · · ϕˆ(z′n)|0C >=
det
(
< 0C |ψˆ(zi)ϕˆ(z′j)|0C >
)
, (30)
integral (29) vanishes. Thus, correlator (23) is a solution
of the KP-hierarchy.9
Now, if we take xαa ≡ ξ(za, wα), then xαa’s will be
the coordinates of the hierarchy phase-space. The hier-
archy phase-space is a space that each of its points (with
certain values of za) specifies a state of the KP-hierarchy
solutions. Furthermore, by considering cαa ≡ exαa , one
can construct a (k × n)-matrix, say C, consists of k n-
component row-vectors as a Grassmannian, which de-
termines the main characteristics of the KP-hierarchy
9 Incidentally, in Refs. [10–12], it has been shown that the n-point
correlation function of fields of a kind of string theory can be
obtained via the KP-hierarchy solutions.
5solutions [19, 22]. As there are infinite hierarchy coordin-
ates, thus each defined function ξ(za, wα) is arbitrary and
hence, one can select those k row-vectors to be independ-
ent from each other. Otherwise, the minors of the matrix
C are zero, which correspond to trivial soliton solution.
However, from now on, we just consider the former state,
i.e. when the matrix C consists of k independent row-
vectors. Moreover, it is known that multiplication of a
constant in the tau function of a soliton solution does not
change the properties of that soliton solution [19, 22], and
also the Plu¨cker coordinates [23] of the C matrix determ-
ine the main characteristics of any KP-hierarchy soliton
solution. Thus, under the GL(k) transformations of the
C matrix, the properties of the KP-hierarchy soliton solu-
tions do not change. Hence, the Grassmannian C can be
thought of as a space of (k × n)-matrix modulo GL(k)
“gauge” redundancy. The remaining free parameters wb,
for b = k + 1, · · · , n, do not have any effect on determ-
ining the properties of the KP-hierarchy solutions, thus,
without loss of generality, we put those equal to zero.
In addition, by integrating the parameters z′k+1, · · · , z′n
as
τ¯n,k(x) ≡
(
n∏
a=k+1
˛
dz′a
) ∏
k+1≤c<b≤n
(z′b − z′c) τn,k(x),
(31)
one gets a simpler tau function τ¯n,k(x) that is independ-
ent of these parameters. This type of tau function is the
one that has typically been used in Refs. [20, 21], and, in
the following, we refer to it as well. Therefore, the main
characteristics of the KP-hierarchy soliton solutions are
only attributed to the C matrix.
Towards Amplituhedron—In the previous part, we
have stated that each τ¯n,k(x), as a KP-hierarchy soliton
solution, is determined by the coordinates of the hier-
archy phase-space (with certain values of za). In this
part, we show that the volume of the hierarchy phase-
space is equivalent with the amplituhedron, which, in
turn, determines that each KP-hierarchy solution is re-
lated to an amplituhedron. In this respect, at the begin-
ning, to approach the amplituhedron, we put10
cαaza ≡ yα (32)
with two different cases. One case can be that the inner
product of the n-component vector z to each of the k
n-component row-vectors of the C matrix is zero (i.e., all
of yα = 0). Another case is that some of yα’s being equal
to zero.
At this stage, at first for simplicity, we assume that the
za’s and the C matrix belong to the real projective line,
and (as mentioned in the second part) its corresponding
manifold C being a circle. Thus, in the above first case,
there would be a (1 + k)-plane. Let us employ some
10 We use the Einstein summation rule, unless it is specified.
auxiliary parameters, say a matrix z made of elements
zaα, as
C · z ≡ y with constraint: y = Ik×k. (33)
Then, due to the property of the matrix C, this matrix z
contains k independent column-vectors that, within the
first case, are also independent from za. Accordingly,
we can choose a matrix, say Z, consists of n row-vectors
Za ≡ (za, za1, ..., zak), that thus has (1 + k) independ-
ent n-component column-vectors as a basis for the above
(1 + k)-plane. This basis and the above constraint elim-
inate the gauge redundancy GL(k). In this case, we can
assume a polygon in a k-dimensional projective space
whose n vertices are Za’s. Furthermore, for the following
purpose, let us employ the deformed coordinates of the
hierarchy phase-space
x¯αb = ln
(
M
(α)
b /M
(α−1)
b
)
, (34)
where M
(α)
b ’s are minors of the C matrix as
M
(α)
b ≡ det
c1,b · · · c1,b+α−1... . . . ...
cαb · · · cα,b+α−1
 (35)
with definitions Mb ≡ M (k)b and M (0)b ≡ 1. Now, also
by using the well-known appropriate contour integration
around the corresponding poles, namely
˛ k∏
α=1
dXαα
detX
= (2pimC e1)k (36)
for arbitrary square matrix X with elements Xαβ , and
ˆ k∏
α=1
dcα,b+α−1
Mb
=
ˆ k∧
α=1
dx¯αb, (37)
it would be easy to show that the following volume of
the hierarchy phase-space, while considering the first case
and the gauge constraint, is equal to the corresponding
Grassmannian integral,11 namely
ˆ k,n∧
α,a=1
dx¯αaδ
k×(1+k)(Y−Y0) =
ˆ
dk×ncαa
n∏
b=1
Mb
δk×(1+k)(Y−Y0).
(38)
In the above relation, Y is a [k× (1+k)]-matrix generally
defined as Y ≡ C · Z with constraint Y0 = (0k×1, Ik×k).
Also, due to definition Mb’s under (35), this Grassman-
nian integral is obviously cyclic-invariant. Once again,
11 For definition of the Grassmannian integral, see, e.g., Refs. [2,
24].
6in relation (38), the Dirac delta functions δk×k(y− Ik×k)
eliminate the gauge redundancy GL(k).
Moreover, consider each cell decomposition (say T ) of
the polygon with the n vertices Za’s, which has a few
cells (say Γ’s), wherein any cell of it is actually specified
as
Yα ≡
k∑
i=0
cα,a(1+i)Za(1+i) , (39)
where Yα is αth row-vector of the defined matrix Y with
(1+k) components in a way that k×(n−k−1) compon-
ents of the matrix C have been set to zero. Accordingly,
each of the corresponding minors of the C matrix would
be
Mb(i) =
< Y, Za(1+i) >
< Za(1) , Za(2) , · · · , Za(1+k) >
. (40)
Also, the related multiplication of its corresponding dif-
ferential elements are
1+k∏
i=1
dcαa(i) =
d1+kYα
< Za(1) , · · · , Za(1+k) >
, (41)
where each one of a(i) gets a different number from
1, · · · , n, Y ≡ Y1∧· · ·∧Yk, < Y, Za(1+i) >≡ Y1∧· · ·∧Yk∧
Za(1+i) . Then, using relations (36), (40) and (41) into re-
lation (38), the volume of the hierarchy phase-space gets
equal to∑
Γ⊂T
´ dk×(1+k)Yα<Za(1) ,··· ,Za(1+k)>δk×(1+k)(Y−Y0)
<Y,Za(1)>···<Y,Za(1+k)>
=∑
Γ⊂T
<Za(1) ,··· ,Za(1+k)>
<Y0,Za(1)>···<Y0,Za(1+k)>
, (42)
where Y0 ≡ Y01 ∧ · · · ∧ Y0k and Y0α is αth row-vector
of the defined matrix Y0. The result (42) is what has
been mentioned in Refs. [25, 26] as one-dimensional tree-
amplituhedron.
Since, the amplituhedron is defined as a mathematical
space (known as the positive Grassmannian), wherein the
locality and unitarity arise as a direct consequence of
positivity [7], in the PT, the positivity property results
from the characteristic of the regular soliton solutions [20,
21].
Four-Dimensional Tree-Amplituhedron—In this
part, we show that, by assuming za ∈ M, we can ob-
tain the tree-amplituhedron in a four-dimensional space-
time. However, given the correspondence between 1-
dimensional manifolds in biquaternion space and 1-
dimensional manifolds in the twistor space, based on re-
lation (3), we use the coordinates $a = (ζa1, · · · , ζa4)
in the twistor space rather than the corresponding co-
ordinates za ∈M. Indeed, it actually means that we are
dealing with n twistors, and we consider the same defin-
ition (32) for those. Thus, in the first case of definition
(32), while Za’s now are (4 + k)-component row-vectors
Za ≡ (ζa1, · · · , ζa4, za1, · · · , zak), the related right side of
relation (38) becomes
ˆ
dk×ncαa
n∏
b=1
Mb
δk×(4+k)(Y− Y0) ≡ An,k. (43)
In the above relation, the corresponding Y is a [k×(4+k)]-
matrix with constraint Y0 ≡ (0k×4, Ik×k).
Furthermore, in this case, any cell in each cell decom-
position is specified as
Yα ≡
k+3∑
i=0
cα,a(1+i)Za(1+i) , (44)
where Yα is again αth row-vector of the defined matrix
Y but with (4 + k) components wherein k × (n − k − 4)
components of the matrix C have been set to zero. Hence,
each of the corresponding minors of the C matrix and the
related multiplication of differential elements for any cell
are
Mb(i) =
< Y, Za(1+i) , · · · , Za(4+i) >
< Za(1) , Za(2) , · · · , Za(4+k) >
(45)
and
4+k∏
i=1
dcαa(i) =
d4+kYα
< Za(1) , · · · , Za(4+k) >
. (46)
Then, by employing relations (36), (45) and (46) into
relation (43), the volume of the hierarchy phase-space
becomes∑
Γ⊂T
´ dk×(4+k)Yα<Za(1) ,··· ,Za(4+k)>4δk×(4+k)(Y−Y0)
<Y,Za(1),Za(2),Za(3),Za(4)>···<Y,Za(4+k),Za(1),Za(2),Za(3)>
=∑
Γ⊂T
<Za(1) ,··· ,Za(4+k)>4
<Y0,Za(1),Za(2),Za(3),Za(4)>···<Y0,Za(4+k),Za(1),Za(2),Za(3)>
,
(47)
which is the corresponding four-dimensional tree-
amplituhedron in the twistor space provided the partic-
ular choice
zaα = Γ
A
a ΦAα (48)
being selected. In choice (48), ΓAa and ΦAα are fermionic
variables, and the index A is an internal fermionic index
that represents the number of copies of supersymmetry.
For instance, the simplest case of relation (47) is when
k = 1 that, with the particular choice (48), is structur-
ally similar to the simplest case of amplituhedron in the
momentum twistor space mentioned in Refs. [7, 24, 27].
Moreover, relation (47), at k = 2 and n = 6 with choice
(48), is structurally similar to relation (3.18) mentioned
in Ref. [27]. Incidentally, as the Grassmannian integral
(43) is cyclic-invariant, the resulted relation (47) from it
is cyclic-invariant as well.
As the scattering amplitude is typically defined in
the momentum twistor space, and the above relation
7does not also indicate the energy-momentum conserva-
tion, it is not suitable to calculate the scattering amp-
litude. Thus, by change of variables via the Fourier trans-
formation of relation (43), similar to Ref. [28], we trans-
form An,k into the momentum twistor space where new
results emerge. That is, we write
ˆ
d2nµae
iλ˜b∧µbAn,k(λa, µa, zaα) =
ˆ
dk×ncαa
n∏
c=1
Mc
δ2k(cαbλb)δ
k×k(χ)
ˆ
d2kραδ
2n(λ˜a − ρβcβa),
(49)
where we have used the Dirac delta function expression
δ2k(cαaµa) =
´
d2kρα exp (−iρβcβa ∧ µa) with arbitrary
ρα ≡ (ρα1, ρα2), χ ≡ y − Ik×k, λa ≡ (ζa1, ζa2), µa ≡
(ζa3, ζa4) and λ˜a ≡ (ϑa1, ϑa2) is the Fourier conjugate of
µa. Then, in relation (49), we first integrate over cµa for,
without loss of generality, µ = 1, 2 and afterward, over
ρα. Hence, after some manipulations, it reads
<ρ1, ρ2>
(k+2−n)δ4
(
|λ˜f><λf |
)´ dkˆncαˆa
n∏
c=1
Mc
δ2kˆ(cαˆbλb)×
δkˆ×kˆ(χαˆβˆ)δ
2kˆ(cαˆezeµ), (50)
where we have used constraint (33), the Dirac delta func-
tion property
(ad− bc)δ(ar1 + br2)δ(cr1 + dr2) = δ(r1)δ(r2), (51)
for any variables (r1, r2) with arbitrary parameters a, b, c
and d, a part of definition (32) with constraints cαˆaλa =
0, and αˆ, βˆ = 3, · · · , k, kˆ ≡ k − 2, χαˆβˆ ≡ cαˆazaβˆ − δαˆβˆ ,
ρα = λ˜azaα and cµa = (< ρν , λ˜a > −cαˆa < ρν , ραˆ >
)νµ/ < ρ1, ρ2 >.
Let us introduce a tensor, say Q, with components
Qab ≡
δcefa−1,a,a+1 < λ˜c, λ˜e > δfb
2 < λ˜a−1, λ˜a >< λ˜a, λ˜a+1 >
, (52)
where δcefa−1,a,a+1 is the generalized Kronecker delta, then
the Schouten identity, i.e. abc < λ˜a, λ˜b > λ˜c ≡ 0, implies
Qabλ˜b = 0. Accordingly, if we replace cαˆb with cαˆa(δab−
Qaa′ < λ˜a′ , λ˜b >) in relation (50), it will not change.
Also, we define [(k− 2)× n]-matrix G with elements gαˆa
as gαˆb ≡ cαˆaQab, which, for fixed b, it implies
Mb = Nb+1
< λ˜b, λ˜b+1 > · · · < λ˜b+k−2, λ˜b+k−1 >
< ρ1, ρ2 >
, (53)
where Nb’s are independent minors of G as Nb =
det[gαˆ,b+βˆ−1] with the minors indices αˆβˆ. Then, by em-
ploying relation (53) and the gauge constraints cαˆazaµ =
0, and defining µ˜b as Qabµ˜b ≡ λa and z˜bαˆ as Qabz˜bαˆ ≡
zaαˆ into relation (50), after some manipulations,
12 it be-
comes
AMHVn
ˆ
dkˆ×ngαˆa
n∏
c=1
Nc
δ2kˆ(gαˆbλ˜b)δ
2kˆ(gαˆeµ˜e)δ
kˆ×kˆ(χˆαˆβˆ), (54)
where
AMHVn ≡
< ρ1, ρ2 >
4 δ4
(
|λ˜b >< λb|
)
n∏
a=1
< λ˜a, λ˜a+1 >
. (55)
This result is related to the corresponding one mentioned
in Ref. [2] except that < ρ1, ρ2 >
4 has been replaced by
fermionic delta function. In fact, relation (55) can be
considered as a sort of general of the one mentioned in
Ref. [2], which with the particular choice (48), is equival-
ent to the one mentioned there. Eventually, in analogous
with relation (43), relation (54) actually reads
AMHVn An,kˆ(λ˜a, µ˜a, z˜aαˆ). (56)
By substituting the corresponding relations (36), (45)
and (46) into relation (56), it reads
∑
Γ⊂T
AMHVn <Z˜a(1) ,··· ,Z˜a(4+kˆ)>
4
<Y0,Z˜a(1),Z˜a(2),Z˜a(3),Z˜a(4)>···<Y0,Z˜a(4+kˆ),Z˜a(1),Z˜a(2),Z˜a(3)>
,
(57)
where Z˜a ≡ (ϑa1, · · · , ϑa4, z˜a1, · · · , z˜akˆ)). The simplest
case of relation (57) is when k = 3, which is equivalent
to the one mentioned in Ref. [2] except that z˜aαˆ’s have
been replaced by fermionic variables.
In Refs. [2, 7, 24, 28], it has been indicated that relation
(56), as emergent of the 2n-point correlation function in
the PT, is the scattering amplitude of n particles with
total helicity k, wherein AMHVn is the maximally heli-
city violating amplitudes (MHV) and An,kˆ(λ˜a, µ˜a, z˜aαˆ)
is the amplituhedron in (λ˜a, µ˜a, z˜aαˆ) space. Actually,
through the resulted relation (57), we have introduced a
sort of general structure in comparison with the conven-
tional amplituhedron, of which the common amplituhed-
ron presented in Ref. [2] can be regarded as a particular
choice (48). Indeed, once, in relation (57), the variables
z˜aαˆ are replaced by the multiplication of two fermionic
variables (named bosonization [25]), one will arrive at the
same common amplituhedron presented in Ref. [2].
Four-Dimensional Loop-Amplituhedron–In this
part, to get the loop-amplituhedron in a four-dimensional
spacetime, we employ the second case of definition (32)
and, without loss of generality, consider that (k − l) of
12 For derivations of the relations mentioned in this part, some
techniques, which have been applied in Ref. [28], have been used.
8yα’s are equal to zero. Also, we again assume that za ∈
M. Thus, we get a (4 + k − l)-plane, wherein we choose
(4+k−l) independent n-component column-vectors Za ≡
(ζa1, · · · , ζa4, za1, · · · , za,k−l) as a basis for it. Hence,
relation (43) changes as
ˆ
dk×ncαa
n∏
b=1
Mb
δ[k×(4+k−l)−4l](Y− Y0) ≡ An,k−l,l, (58)
where, here, the corresponding Y is a [k × (4 + k − l)]-
matrix with constraint
Y0 =
(
0(k−l)×4 I(k−l)×(k−l)
0l×4 0l×(k−l)
)
. (59)
To proceed, due to relations (45) and (46) for the C
matrix, we need to increase the number of components of
the corresponding vectors Za’s from (4+k− l) to (4+k).
Accordingly, we define soft row-vectors Z ′n+i’s, with (4 +
k)-component for i = 1, · · · , l, and new (4+k)-component
vectors Z ′a’s, for each a, through their components as
Z ′a = (
4+k−l︷︸︸︷
Za ,
l︷ ︸︸ ︷
0, · · · , 0) and Z ′n+i,γ = δ4+k−l+i,γ ,
(60)
for γ = 1, · · · , 4 + k, which construct the corresponding
matrix Z ′. Thus, we can write relation (58) as
An,k−l,l =
ˆ
dk×(n+l)c′αA
n+l∏
B=1
MB
δ[k×(4+k)−4l](Y′ − Y′0), (61)
where A = 1, · · · , n+l, arbitrary elements c′αA constitute
the corresponding Grassmannian [k×(n+ l)]-matrix (say
C ′), MB ’s are independent minors of C ′, Y′ is a [k× (4 +
k)]-matrix generally defined as Y′ ≡ C ′·Z ′ with constraint
Y′0 = (0k×4, Ik×k).
Then, using relations (36), (45) and (46) into relation
(61), it reads
∑
Γ⊂T
´ dk×(4+k)Y′α<Z′A(1) ,··· ,Z′A(4+k)>4δ[k×(4+k)−4l](Y′−Y′0)
<Y′,Z′A(1)
,Z′A(2)
,Z′A(3)
,Z′A(4)
>···<Y′,Z′A(4+k),Z
′
A(1)
,Z′A(2)
,Z′A(3)
> ,
(62)
where each one of A(i) gets a different number from
1, · · · , n + l, Y′ ≡ Y′1 ∧ · · · ∧ Y′k and each Y′α is αth row-
vector of the matrix Y′ with (4+k) components. By sub-
stituting components (60) into relation (62) and integ-
rating over the components of the corresponding matrix
y′, namely y′αβ for α = k− l+ 1, · · · , k and β = 1, · · · , k,
after some manipulations, it becomes
∑
Γ⊂T
´ dk×(4+k−l)Yα<Za(1) ,··· ,Za(4+k−l)>4δ[k×(4+k−l)−4l](Y−Y0)
<Y,Za(1),Za(2),Za(3),Za(4)>···<Y,Yk,Za(1),Za(2),Za(3)>
,
(63)
where here Y ≡ Y1 ∧ · · · ∧ Yk−l. In addition, using the
approach presented in the previous part, An,k−l,l can be
transformed in the momentum twistor space as
AMHVn An,kˆ−l,l(λ˜a, µ˜a, z˜aαˆ). (64)
On the other hand, in Ref. [29], it has been shown
that, with appropriate contour integrations, expression
(63) for a few fixed values of n, k and l, becomes
An,k−l. Moreover, it has been expressed [29] that, for
l as even numbers, one-dimensional loop-amplituhedron
arises from the “entangled” integration of each pair of
(Yk−l+1, · · · , Yk) with l/2-loops. Therefore, one can get
four-dimensional loop-amplituhedron from the PT.
For instance, first the simplest case of relation (64) is
when k = 4, n = 4, kˆ = 2 and l = 2. Afterward, by
employing the corresponding relations (63) for Z˜a and kˆ
instead of Za and k, and also integrating over the corres-
ponding delta functions, relation (64), in this case, reads
AMHV4
ˆ
d4y1d
4y2 < Z˜1, · · · , Z˜4 >3
< Z˜2, Z˜3, Z˜4, Y1 ><Z˜3, Z˜4, Y1, Y2 >< Z˜4, Y1, Y2, Z˜1 >< Y1, Y2, Z˜1, Z˜2 >< Y2, Z˜1, Z˜2, Z˜3 >
. (65)
Then, by using the “entangled” contour of integra- tion [29], result of (65) gives
AMHV4
ˆ [
d4y1d
4y2
vol[GL(2)]
]
< Z˜1, · · · , Z˜4 >2
< Y1, Y2, Z˜1, Z˜2 >< Y1, Y2, Z˜2, Z˜3 >< Y1, Y2, Z˜3, Z˜4 >< Y1, Y2, Z˜4, Z˜1 >
, (66)
that is equivalent to the one mentioned in Refs. [2, 29]
except that the variables z˜aαˆ’s must be replaced with
the fermionic variables. Actually, as in the previous
part, through the resulted relation (66), a sort of gen-
9eral structure in comparison with the conventional loop-
amplituhedron has been introduced, of which the com-
mon amplituhedron presented in Refs. [2, 29] can be re-
garded as a particular choice (48).
Towards Real Amplituhedron—Given that the
presented amplituhedron in Ref. [7] requires supersym-
metry and introduces the scattering amplitude of mass-
less particles, to move towards a real amplituhedron, one
should be capable to define amplituhedron for massive
particles as well. In this regard, as stated earlier, when
the knotted and linked one-dimensional vacuum changes,
then the points of fields on the manifold C are specified
by biquaternion numbers or a pair number in subspace
M. As the subspace M is related to a projective null-
twistor space,13 thus, each two one-dimensional manifolds
in the M are equivalent to two one-dimensional manifolds
in the projective null-twistor space. However, each two
null-twistors, related to two one-dimensional manifolds,
have been used to explain either massless physics in six
dimensions or massive physics in four dimensions [30, 31].
Thus in four dimensions, the mass of a particle can be
the consequence of changes of the vacuum. Therefore,
to investigate mass of particles, one should first classify
different modes of a one-dimensional manifold in the PT.
Furthermore, in Refs. [32, 33], the relation between
different states of a particle and symmetries of braided
ribbon network has been investigated. On the other
hand, a set consists of two one-dimensional manifolds,
one before variations plus another one after variations,
can be considered as two edges of a braided ribbon net-
work. Thus, the investigation of invariants in symmet-
ries of braided ribbon network can clarify various states
of particles, their masses and coupling to each other.
This result means that different types of changes of the
one-dimensional manifold in the PT can explain differ-
ent states of particles, their masses and coupling to each
other. The classification of these issues will be performed
in an independent research.
Conclusions—We have introduced an integrable one-
dimensional theory, i.e. the PT, that underlies some in-
tegrable models such as the KP-hierarchy and the amp-
lituhedron. In this regard, we have shown that some
geometrical concepts in four-dimensional spacetime can
be resulted from the topological properties of the intro-
duced one-dimensional manifold. This theory possesses
a particular symmetry as a statistical symmetry. This
symmetry implies that the theory, in small-scales, is stat-
istically equivalent to large-scales, such a characteristic
is what we have benefited in another work [18].
Also, by introducing and using a transformation, i.e.
the hierarchy transformation, we have shown that the PT
underlies some important kinds of integrable models in
different dimensions such as the types of soliton models
derived from the KP-hierarchy, two-dimensional models
and the amplituhedron. Thus, we have represented that
2n-point correlation function of the PT is a solution of
the KP-hierarchy.
Furthermore, we have indicated that there is an inter-
esting connection between solitons in a one-dimensional
quantum field theory to the amplituhedron that is closely
related to Yang-Mills scattering amplitudes in four di-
mensions. Indeed, contrary to Refs. [2, 7, 24, 29], without
any use of supersymmetry, we have obtained a sort of
general structure in comparison with the conventional
amplituhedron. Wherein, the common amplituhedron
presented in the literature can be derived from the hier-
archy phase-space of the presented one-dimensional the-
ory, and is regarded as a particular choice of it. Indeed,
the proposed theory is capable to express both the tree-
and loop-levels amplituhedron (without employing hid-
den particles) and scattering amplitude in four dimen-
sions in the twistor space. Moreover, in the PT, the mass,
coupling and gauge symmetries of different particles in
four dimensions are the consequences of changes of one-
dimensional manifold of the theory that we will study in
an independent work.
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